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Abstract

This work presents a two-dimensional diffusional model to predict the simultaneous mass transfer and shrinkage during drying of solids
with prolate spheroidal shape, considering that the changes in volume of solid are equal to the volume of evaporated water. The resulting
equations are numerically solved, using the finite-volume method. This model was used to study numerically the effect of the air-drying
conditions and shrinkage on the drying kinetic of banana peel for six experiments, considering the natural shape of this fruit. Here, it was
treated as an ellipsoid of revolution. Several results are shown and analyzed such as the comparison between numerical and experimental
data; the dimensionless shrinkage parameters; the relationships of length, superficial area and volume; the moisture content distribution
and finally the mass transfer and diffusion coefficients. © 2002 Elsevier Science B.V. All rights reserved.

Keywords: Drying; Simulation; Mass; Shrinkage; Ellipsoidal geometry; Banana

1. Introduction

Fresh fruits and vegetables are dried after harvesting in
order to reduce waste and spoilage and to extend their shelf
life. During dehydration of foods, drying of fruits and veg-
etables produces great changes in their volume and surface
area simultaneously with loss of moisture. Therefore, it is
necessary to devote more attention to the shrinkage phe-
nomenon, because it affects the drying rate and diffusion
coefficient.

Engineers and researchers have produced several theo-
retical and experimental studies to predict mass transfer of
foods, in particular the banana-drying process [1–9]. How-
ever, not much works has been done on moisture diffusion
behavior including shrinkage [10–13]. These reports that
the following conclusions may summarize the phenomenon
which produces a great influence on the drying rate, modify-
ing the diffusion coefficient sufficiently [10,11]: the drying
rate decreases with the increase in the length of samples used
in the drying experiments [12]; and the volume-shrinkage
coefficient approximates unity for all drying methods except
freeze drying, for which it is much lower [13]. In all studies
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cited above, the diffusion model was used considering single
geometry such as plate or cylinder.

The objectives of this work are: (a) to develop a mathe-
matical model for simulating simultaneous moisture trans-
port and shrinkage of prolate spheroidal solids (Fig. 1); (b)
to study numerically the effect of the air drying conditions
and shrinkage on the drying of peeled banana and (c) to
calculate the mass transfer and effective diffusion coeffi-
cients of banana under six air-drying conditions.

2. Theoretical analysis

The assumptions used in the mathematical model are:

(a) the shape of banana is approximates to an ellipsoid of
revolution;

(b) the shrinkage of the solid is equal to the volume of water
evaporated;

(c) the shrinkage is two-dimensional and axi-symmetric
around z-axis;

(d) the drying occurs during the falling rate period;
(e) the unique mechanism of drying is diffusion;
(f) the moisture content is axi-symmetric around z-axis and

constant at the beginning of the process;
(g) the thermo-physical properties are constant during the

drying process;
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Nomenclature

Bim Biot number of mass transfer (–)
�

C semi-perimeter of the banana (m)
D diffusion coefficient (m2/s)
ERMQ least square error (kg/kg)2

L focal length (m)
L1, L2 minor and major axis of the solid (m)
M, M̄ local and average moisture content

(kg/kg)
N, S, E, W, P nodal points (–)
S area (m2)
S̄2 variance (–)
t time (s)
t∗m Fourier number of mass transfer (–)
T air temperature (◦C)
UR air relative humidity (–)
v air velocity (m/s)
V volume (m3)
x, y, z Cartesian coordinates (m)

Greek letters
β̄, β̄1, β̄2 shrinkage coefficient (–)
∆, δ variation (–)
ξ , η, ζ angular (⊥ x-axis), angular (⊥ z-axis)

and radial coordinates (–)
Φ function (–)
∇ gradient (–)

Subscripts
e equilibrium
e, w, s, n boundary of the nodal points
0 initial

Superscripts
∗ dimensionless
o old
t time

Fig. 1. Prolate spheroidal solid.

(h) at the surface material, convective boundary conditions
are used;

(i) the solid is composed of water in liquid phase and solid
material.

Based on these assumptions, the following equations
were developed to simulate the shrinkage and diffusion
phenomenon simultaneously. Fig. 1 shows the coordinate
system used in this work.

2.1. Liquid diffusion model

The following dimensionless parameters are used:

M∗ = M − Me

M0 − Me
, η∗ = η, ξ∗ = ξ,

t∗m = Dt

L2
, V ∗ = V

L3
, Bim = hmL

D
(1)

Fick’s second law for liquid diffusion in prolate spheroidal
coordinates (ξ , η, ζ ) using dimensionless parameters, con-
sidering symmetry around z-axis, can be written as [14–18]

∂M∗

∂t∗m
= 1

ξ∗2 − η∗2

[
∂

∂ξ∗

(
(ξ∗2 − 1)

∂M∗

∂ξ∗

)]

+ 1

(ξ∗2 − η∗2)

[
∂

∂η∗

(
(1 − η∗2)

∂M∗

∂η∗
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(2)

with the following initial and boundary conditions:

t = 0, M∗(ξ∗; η∗; 0) = 1 (3a)

t > 0, M∗
(

ξ∗ = L2

L
; η∗, t∗m

)

= − 1

Bim

√
(ξ∗2 − 1)

(ξ∗2 − η∗2)

∂M∗

∂ξ∗

∣∣∣∣
ξ=L2/L

(3b)

2.2. Shrinkage model

A fundamental point in the shrinkage model is the inclu-
sion of an equation that relates volume and average mois-
ture content. The following relation for linear shrinkage was
proposed:

(V )t = V0(β̄1 + β̄2M̄) (4)

Since t = 0 ⇒ M̄ = M̄0 and (V )t=0 = V0 and using the
dimensionless parameters, we can write Eq. (4) as follows:

(V )∗t
V ∗

0
= 1 − β̄(M̄∗

0 − M̄∗) (5)

with β̄ = β̄2(M̄0 − M̄e). When β̄ = β̄2 = 0, we have the
case without shrinkage.

The volume of ellipsoid is given by [19]:

(V )t = 4
3 π(L2)t (L1)2

t (6)
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Fig. 2. Shrinkage of the prolate spheroidal solid during diffusion process.

From Fig. 2, it can be verified that(
L2

L1

)
t

=
(

L2

L1

)
t=0

= Tgθ̂ (7)

Using Eqs. (5)–(7), the new dimensions of the body are
determined along with the time. In this case, the superficial
area of the prolate spheroid may be calculated as follows
[20]:

(S)t = 2π(L1)t (L2)t

×
{

(L1)t

(L2)t

+ arcsin[
√

[1 − ((L1)t /(L2)t )2]]√
[1 − ((L1)t /(L2)t )2]

}
(8)

2.3. Diffusion and mass transfer coefficients

The diffusion and mass transfer coefficients were esti-
mated using the least square error technique and variance,
as follows:

ERMQ =
n∑

i=1

(M̄∗
i,Num − M̄∗

i,Exp)2, S̄2 = ERMQ

(n − n̂)
(9)

where n is the number of experimental points, and n̂ is the
parameters number fitted [21].

In order to estimate the fixed diffusion coefficient as a
function of the air temperature, linear regression was made

Table 1
Air and banana experimental conditions used in this work

Test Air Banana t (h)

T (◦C) UR (%) v (m/s) M0 (d.b.) Mf (d.b.) Me (d.b.) L2 (m) L1 (m)

1 29.9 35.7 0.38 3.43 0.32 0.1428 0.05856 0.01613 121.85
2 39.9 19.3 0.33 3.17 0.33 0.0664 0.05878 0.01569 72.00
3 49.9 19.2 0.37 3.21 0.32 0.0579 0.05901 0.01522 40.80
4 60.2 19.9 0.36 2.96 0.25 0.0426 0.05897 0.01530 35.30
5 60.5 10.7 0.35 3.04 0.31 0.0211 0.05909 0.01506 27.80
6 68.4 7.3 0.39 2.95 0.22 0.0121 0.05890 0.01545 27.60

in an Arrhenius’s equation using the software Statistica. This
equation is given by

D = A1 e−A2/T (10)

where A1 and A2 are constants with appropriate dimensions.

3. Numerical methodology

Various numerical methods have been used to solve the
problem of transient diffusion such as finite-difference, finite
element, boundary element and finite-volume methods. In
particular, in this work, the finite-volume method was used
assuming fully implicit formulation and the practice B (nodal
points at the center of the control volume) in a uniform grid
size. In the simulation of diffusion phenomenon in prolate
spheroids, a certain domain was utilized, due to the symme-
try of the body. Details about the numerical procedure may
be obtained in the literature [16,17].

4. Experimental methodology

4.1. Continuous experimental drying

The “Nanicão” variety of ripe banana (Musa acuminata,
Cavendish subgroup), procured locally was used for the dry-
ing experiments. The fruits were selected according to the
required degree of ripeness and peeled manually. Immedi-
ately after peeling, the fruits were dried with hot air under
forced convection. Details of the procedure and the dry-
ing equipment used are reported in the literature [10,11].
Table 1 shows the air and material conditions used in this
work.

4.2. Shrinkage

In order to determine the major external length
(semi-perimeter) between the extremity, diameters (in two
perpendicular directions) and the moisture content of the
fruit along with the time, bananas peeled manually were
disposed of in the oven under forced convection at a tem-
perature of 70 ◦C.
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The value of the L2 (see Fig. 1) is obtained using the
major external length of the fruit as follows:

�

C

2
= L2

∫ 1

0

√
1 +

(
L1

L2

)2
x̃2

(1 − x̃2)
dx̃, with x̃ = z

L2

(11)

The minor axis of the banana (L1) was obtained by the
arithmetic mean of the diameters measured. Details of the
experimental and analytical procedures may be obtained in
the literature [16]. In this way, the shrinkage coefficient β̄2
may be calculated by fitting Eq. (5) to the experimental
data.

5. Results and discussions

5.1. Experimental shrinkage coefficient

The estimated value of the shrinkage coefficient in Eq. (5)
applied to banana was β̄2 = 0.269, computed for moisture
contents ranging from 3.16 to 0.34 kg/kg dry basis. The cor-
relation coefficient was 0.99 and the ERMQ was 0.01120
[16]. The comparison curve between the shrinkage experi-
mental and fitted data is shown in Fig. 3.

5.2. Drying kinetics of banana

Since the objective of this study was to develop a model
applicable to the process of drying banana peels, the com-
parison of numerical and experimental data for six experi-
ments are plotted in Figs. 4–9.

It is clearly seen in these figures that there was good agree-
ment. Some discrepancies appear at low moisture content

Fig. 3. Comparison between the experimental (�) and predicted volumes of banana obtained during the drying over to T = 70 ◦C.

due to the fact that for longer drying time, the assumption
of linear shrinkage is not valid, for a different manner as as-
sumed in Eq. (5). The continuation of the numerical calcu-
lations for the test 6 permitted us to obtain the equilibrium
moisture content of M̄∗ = 7.97 × 10−4 is approximately
64.15 h.

Table 2 presents the initial and final values of shrink-
age parameters obtained during the banana-drying process
for each experiment. When presented, the dimensionless
shrinkage parameters β̄ changes due to the dependence on
the temperature and on initial and equilibrium moisture
contents, in accordance with Eq. (5). It is observed that
the relationships of length, superficial area and volume
increase with the increase of air temperature as expected.

5.3. Moisture content distributions

The moisture content distribution inside the solid is very
important in order to study the evolution of mechanical
stress developed in the body due to the high moisture gra-
dients. Fig. 10a–c shows the moisture content distribution
inside the peeled banana exposed to the drying for 1.11,
5.00 and 15.00 h, respectively, for test 6. It can be seen in
accordance with the iso-concentration lines, that the high-
est moisture gradients occur near the surface. There is also
a close strong drying to the focal point. Thus these areas
are more susceptible to have troubles such as cracks and
fissures due to higher moisture gradients and shrinkage
velocity.

Fig. 11 shows the moisture content distribution inside
the peeled banana exposed to drying 15.00 h (test 3). By
comparison with Fig. 10c, it is seen that the greatest moisture
gradients are due to the smallest temperature; however, the
drying occur slowly.
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Fig. 4. Comparison between predicted and experimental dimensionless mean moisture content during the drying of banana (test 1).

Fig. 5. Comparison between predicted and experimental dimensionless mean moisture content during the drying of banana (test 2).

Fig. 6. Comparison between predicted and experimental dimensionless mean moisture content during the drying of banana (test 3).
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Fig. 7. Comparison between predicted and experimental dimensionless mean moisture content during the drying of banana (test 4).

Fig. 8. Comparison between predicted and experimental dimensionless mean moisture content during the drying of banana (test 5).

Fig. 9. Comparison between predicted and experimental dimensionless mean moisture content during the drying of banana (test 6).
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Table 2
Dimensionless shrinkage coefficient and dimensions of the peeled banana during the drying

Test Initial Final β̄

L1 (cm) L2 (cm) V (cm3) S (cm2) L1 (cm) L2 (cm) V (cm3) S (cm2)

1 1.6130 5.8562 63.822 96.099 0.8614 3.1274 9.720 27.407 0.8838
2 1.5690 5.8784 60.616 93.676 0.9457 3.5433 13.275 34.035 0.8345
3 1.5220 5.9016 57.265 91.074 0.9001 3.4903 11.846 31.856 0.8475
4 1.530 5.8977 57.830 91.518 0.9729 3.7503 14.869 37.006 0.7844
5 1.5060 5.9095 56.142 90.184 0.9481 3.7205 14.010 35.746 0.8117
6 1.5450 5.8903 58.896 92.349 0.9915 3.7800 15.565 38.032 0.7899

5.4. Diffusion coefficient

Table 3 presents the transport coefficients as well as the
variance obtained for all experiments. In this table, the two
values of Biot number refer to the initial and final values
of this parameter during drying. The highest internal resis-
tance to moisture is comes from the lowest temperature.

Fig. 10. Dimensionless moisture content distribution (M∗) inside the banana peel (test 6): (a) t = 1.11 h; (b) t = 5.00 h; (c) t = 15.00 h.

The small variance indicates that the model agrees well with
the experimental data. As expected, all the transport co-
efficients increases strongly with the temperature. Table 4
presents the values of the constants in accordance with the
equation.

In general, comparison between the diffusion coefficients
reported in the literature is difficult due to the different



92 A.G.B. de Lima et al. / Chemical Engineering Journal 86 (2002) 85–93

Fig. 11. Dimensionless moisture content distribution (M∗) inside the
banana for elapsed time from t = 15.00 h (test 3).

models and calculation methods used, and also due to unlike
composition and physical and chemical structure of the ma-
terial. However, by comparing the mass diffusivity values
of banana–water system obtained in this study with others,
reported in Table 5, it was observed to be in reasonable
concordance. As the diffusive model was used in all works
reported in Table 5, the difference between the values may

Table 5
Moisture diffusivity of banana for several temperatures and shapes

Shape (assumption) Ma (d.b.) T (◦C) D × 1010 (m2/s) References

Pieces (semi-infinite plate) 0.027 25 0.0251 [23]
Complete peeled (infinite cylinder) 3.77–0.06 50–70 2.62–6.53 [24,25]
– 3.50–0.01 20–40 0.003–2.10 [26]
Slices (plate) 2.10 60 34.80 (free 15◦Brix) [27]

0.20 8.80 (39◦Brix)
Complete peeled (infinite cylinder) 3.43–0.22 29.9–68.4 1.25, 29.7 [10,11]
Cylindrical pieces 2.64–1.85 25–45 8.50–24.30 [7]
Slices (finite cylinder) Initial: 3.20–2.39 35–50 1.60–4.80 [1]

Final: 0.89–0.28
Cubes 3.54–0.11 60 8.33 [28]
Slices 3.00–0.15 2.80–163.40 [29]
Slices (plate) – 50 27.7 (60◦Brix) [30]

26.6 (70◦Brix)

a The range of the values refers to the initial and final moisture content of the fruit.

Table 3
Transport coefficients estimated and variance for all drying experiments

Test D × 1010

(m2/s)
hm × 108

(m/s)
Bim S̄2 × 104

1 1.65 10.10 34.46, 18.40 0.96
2 2.48 15.53 35.47, 21.38 1.20
3 4.57 21.35 26.64, 15.75 0.91
4 7.25 22.30 17.52, 11.14 0.68
5 7.30 26.15 20.47, 12.89 1.48
6 8.63 26.56 17.49, 11.23 1.42

Table 4
Coefficients Ai of Eq. (10) and the values of R, and S̄2

A1 × 1010 (m2/s) A2 (K) R S̄2

2448930.845 −4265.277 0.9871 0.2092

be attributed mainly to the following factors: dehydration
method, product variety; geometry assumptions; different
equilibrium moisture content hysteresis phenomenon in the
sorption isotherm); boundary conditions; product physical
structure and shrinkage effects (probable formation of the
porous, by water evaporation).

Some authors neglect the effects of the external resistance
and/or shrinkage during the modeling and implicitly con-
sider these effects in the diffusion coefficient. The value of
the diffusion coefficient predicted this manner is smallest
that the presented in Table 3, for a same drying condition
[22].

As a final comment, it can be said that although valuable
results have been obtained from this study, it is necessary
to pay more attention to the quantitative study of superficial
area and volume changes during the dehydration processes,
especially in complex situations such as multi-directional de-
formations, and temperature changes occur simultaneously.
Multi-directional deformations occur in the drying of some
fruits such as grape or fig where at the end of the process,
the product is totally wrinkled.
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6. Conclusions

Fundamental equations for the liquid diffusion in prolate
spheroidal bodies, considering shrinkage effect, were devel-
oped. The finite-volume method was used to solve the equa-
tions applied to the banana drying process.

From the results the following can be concluded. (a) The
model and the technical used has great potential and it is
accurate and efficient to simulate many practical problems
of diffusion such as heating, cooling, wetting and drying
in prolate spheroidal solids, including spheres as limit case.
(b) Data of length, superficial area and volume and dimen-
sionless linear shrinkage coefficient of banana for different
temperatures are presented The dimensionless linear shrink-
age coefficient changes with the temperature. (c) The diffu-
sion coefficients increases strongly with the increase of the
temperature, changing from 1.65×10−10 m2/s at 29.9 ◦C to
8.63 × 10−10 m2/s at 68.4 ◦C. (d) Highest moisture gradi-
ents in the banana are found near the surface and around the
focal point.

This model can be adapted to describe drying process in
material with variable properties, when it is almost impossi-
ble to obtain an analytical solution, and in cases with other
boundary conditions under small modifications.
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